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1. INTRODUCTION 
This paper is concerned with a class of norflinear differential equations of the form 
[r(t)(y'(t))~] ' + q(t)(g(t))  ~ = O, t >_ to, (1) 
where c~ is positive number, q : [to, oc) ~ [0, oc) is a continuous function such that q(t) ~ O, and 
r : [to, ~)  ~ (0, oc) is a continuous function. 
By a solution of (1), it is meant a function y E Cl[ty,oc), ty >_ to, which has the property 
r ( t ) (y ' ( t ) )  ~ E C 1 [t~, oc) and satisfies the equation for all t >_ t v. The solutions vanishing in some 
neighborhood of infinity will be excluded fl'om our)onsideration. A solution of (1) is said to be 
oscillatory if it has an infinite sequence of zeros clustering at t = oc; otherwise, it is said to be 
nonoscillatory. Thus, a nonoscillatory solution is eventually positive or negative. 
When r(t) -= 1, the oscillatory behavior of (1) has been studied by several authors, the reader 
is referred to the papers [1-3] for oscillation results and [3,4] for nonoscillation results. For the 
case r(t) ~ 1, a more general equation than (1) has been investigated by Li [5,6] and Wong 
and Agarwal [7-9]. In these papers, some sufficient conditions are obtained for oscillation of all 
solutions as well as for existence of positive monotone solutions. It is noted that the discrete 
analogs of (1) as well as related equations have been discussed in [10]. 
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Recently, Kusano and Yoshida [4] and Li [5] considered (1) under the condition 
f~o ds r(s)l/------- ~ --00 (2) 
and obtained some results for nonoscillation of all solutions of (1) [4, Theorem 5; 5, Theo- 
rems 1-4]. 
By means of a Riccati-type transformation, we shall first establish an equivalent condition for 
the existence of positive nondecreasing solutions of (1) without requiring condition (2). Then we 
establish some comparison theorems. These theorems tate roughly this: if there is a positive 
nondecreasing solution of the equation of the form 
[R(t)(y'(t))~] ' + A(t)Q(t)(y(t)) ~ = O, t > to, (3) 
then equation (1) also has a positive nondecreasing solution. The precise conditions on the 
coefficients of the involved equations will be stated later. 
2. EX ISTENCE CRITERIA  
As mentioned before, a will denote a positive number. We begin by assuming y(t) to be a 
positive nondecreasing solution of (1). Then the function w(t) defined by 
w(t )  - r(t)(y't))~ t > to, (4) 
y( t ) "  ' - 
is nonnegative and satisfies 
w'(t) =-q( t )  - w( t ) -  
~y'(t) 
y(t) 
- q ( t ) -w( t )a  (w( t )  
or  
w'(t) + w(t)~ (~(t) 
\ r(t) ] 
For the sake of convenience, we will write 
+ q(t) = O, t _> to. (5) 
F(x,y ,z)  = z (X-~ 1/z, 
\Y /  
which has been introduced in [5] and which has the following properties: F(x ,y ,z)  > 0; 
F.~(x,y,z) > 0; Fy(x,y,z) < O, for x,y ,z  > 0; and F(x,y ,z)  = F(kx, ky, z). Then we can 
also write (5) in the simpler form 
w'(t) + w(t)F(w(t), r(t), a) + q(t) = 0, t > to. (6) 
We have thus shown that if y(t) is a positive nondecreasing solution of (1), then y(t) will 
satisfy (6), and hence, the following inequality: 
w'(t) + w(t)F(w(t),r(t),a) + q(t) <<_ O, t >> to. (7) 
Note that w(t) is nonnegative. Therefore, if we now integrate inequality (7) fl'om t to ~x~, we will 
obtain 
w(t) > w(s)F(w(s), r(s), a) ds + q(s) ds, t > to. (8) 
Monotone Solutions 67 
THEOREM 1. Suppose that foo q(s)ds exists. Then equation (1) has a positive nondecreasing 
sohltion y(t) for t >_ to if and only if there is a nonnegative and continuous function u;(t), for 
t >_ to, whid~ satisfies integral inequMity (8). 
PROOF. We need to show that if (8) has a nonnegative solution w(t), then equation (1) has a posi- 
r.ive nondecreasing solution. Let w(t) E C([t0, oo), [0, oc)) be a function such that ft °° "u.,(s)F(w(s), 
.,'(s), c~) ds exists. Define a mapping (Tw)(t) as follows: 
(Tw)(t) = w(s)F(w(s),r(s) ,a)ds + q(s)ds, t >_ to. 
Thus, (Tw)(t) E C([t0, oc), [0, oo)). Note that, in view of (8), (Tw)(t) <_ w(t) for t >_ to. Consider 
the successive approximating sequences w0 = w0(t), wl = wl(t) . . . .  , defined by 
and 
oo  
wo(t)  = q(s) ds (9) 
~.+l ( t )  = (Tw~)(t), ~ >_ to, ,~ = O, 1 , . . . .  (10) 
By means of the monotone properties of F(w, r, a), it is not difficult to see that 
w0(t) < wl(t) < w2(t) < . . .  < ~(t )  < ... < w(t), 
for/z _> 0 and t >_ to. Thus, by letting w*(t) to be the positive function defined by 
w*(t) = lira wn(t), t > to, 
n "--~ OO 
we may then take limits on both sides of (10) and infer from Lebesgue's dominated convergence 
theorem that w* = Tw*. 
In view of (4), the function y(t) (t > to) defined by 9(to) = Co > 0 and 
u(t) = u( to )exp  \ r(s) / ds , t > to, 
is a positive nondecreasing solution of (1). The proof is complete. 
As a direct application, we deduce comparison theorems for the existence of a positive nonde- 
creasing solution of (1). Consider, together with (1), the following equation: 
[R(t)(y'(t))~] ' + Q(t)(y(t)) ~ = 0, t > t0, (11) 
where R(t) and Q(t) satisfy conditions imilar to those imposed on r(t) and q(t). The following 
is now clear from Theorem 1. 
THEOREM 2. In addition to the conditions imposed on equations (1) and (11), suppose further 
that r(t) >_ R(t) > O, for t >> to and 
F F Q(s) ds >_ q(s) ds, t > to. 
If equation (11) has a positive nondeereasing solution, then so does equation (1). 
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THEOREM 3. Suppose that J” Q(S) d s exists, r(t) > R(t) > 0 fort 2 to and 
Q(t) 2 q(t), t > to. (12) 
Suppose further that A(t) . 1s a differentiable function such that X(t) > 1 and A’(t) 2 0, for t > to. 
If equation (3) has a positive nondecreasing solution, then so does equation (1). 
PROOF. By our assumptions and arguing as in (6), it follows that the equation 
u’(t) + u(t)F(uLl(t), R(t), a) + x(t)Q(t) = 0, t 2 to, (13) 
has a nonnegative solution u(t). Thus, dividing (13) by X(t), we obtain, in view of the homogeneity 
property of F, that 
u’(t) u(t) 
Xo + xoF(u(t),R(t),a) + Q(t) = $ + tiF 
X(t) 
3, +I + Q(t) = 0, t 2 to. 
In view of A’(t) 2 0, we have 
u’(t) u(t) ’ 
X(t)> X(t) (  u’(t) u(t)x’(t) =-- J(t) P(t) . 
Additionally, since Q(t) 2 q(t) and 
F u(t) R(t) 
-,a 
x(t)’ X(t) 
$$,cY) >F(#,r(t),a) > 
thus. 
(+)‘++F($r(t),n)+q(t)<O, t>to. 
Setting w(t) = u(t)/X(t), the preceding inequality implies that 
w’(t) + w(t)F(w(t), r(t), a) + q(t) 5 0, t 2 to, 
has a nonnegative solution. By Theorem 1, equation (1) has a positive nondecreasing solution. 
The proof is complete. 
There is a dual to the above theorem as follows. 
THEOREM 4. Suppose that J” q(s) d s exists, 0 < r(t) 5 R(t), for t 1 to and 
Q(t) 5 q(t), t 2 to 
Suppose further that X(t) is a differentiable function such that 0 < X(t) < 1 and X’(t) < 0, for 
t > to. If equation (1) has a positive nondecreasing solution, then so does equation (3). 
PROOF. By our assumptions, the equation 
u’(t) + u(t)F(u(t), T(t), a) + q(t) = 0, t 2 to, 
has a nonnegative solution u(t). It thus follows that 
u’(t) + u(t)F(u(t), r(t), a) + Q(t) F 0, t 2 to, 
which, after muItiplying by X(t), becomes 
Wt)u’(t) + ~(t)u(tN~(t)u(t), X(t)T(t), a) + x(t)Q(t) 5 0, t 2 to 
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Since At(t) _< 0, then 
a.nd 
thus, 
~(t>'(t) > (~(t>(t)) '  = ~(t>'(t)  + ~'(t>(t) 
F(u(t))~(t), r(t))~(t), c~) >_ F(u(t)A(t), r(t), c~) > F(,u(t))~(t), R(t), c~), 
(,,,,(t)A(t))' + ,,,(t)~(t)F(~,(t)~(e), R(t), ~) + A(t)O(t) < O, 
This implies that 
t > to. 
w'(t) + ~,(t)y(~(t), R(t), ~) + ~(t)O(t) < o, t >_ to, 
has a nonnegat ive  so lut ion .  By  Theorem 1, equat ion  (3) has  a pos i t ive  nondecreas ing  so lut ion .  
The  proo f  is complete .  
As another  app l i ca t ion ,  we der ive an  expl ic i t  ex is tence c r i te r ion  based  on  Theorem 1. 
TItEOREM 5. Suppose that 
and let 
Suppose  further  that  
l T  q(s ds < cc 
f 
oo  
~(t) = 2 q(s) as < oc, t > to. 
/ ]  .s < 2 
\ , - ( s )  ) - 2~ 
Then eqtmtion (1) has a nommgative solution. 
Pt{ooF. It suffices to show that w(t) = aS(t) satisfies inequality (8). Indeed, for t > t~. 
t.~) /.cx~ foc (~(S) "~ 1/et t .... 
'w(4V(',,(~), -(~), a) d~ + q(~) ~ = ~¢(~) 7 (7) /  (Zs + q(,s) (Ls 
• t • t 
<_ O(t). (~ \ ~.(s) / ds + . q(•,,) as. 
Hence,  in v iew of (13), we have  
fi• I °° ,(t)  ,(t) w(s)F(~(s),  ~-(,), a) g~ + q(s) & <_ 7 -  + 7 -  = 0(t) = ,,,(t). 
The proo f  is complete .  
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